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1 Background
For a complex manifold X, Kashiwara [Kas1] and Mebkhout [Me] independently established an anti-
equivalence, which is called the Riemann-Hilbert correspondence, between the triangulated category
Dbrh(DX) of DX -modules with regular holonomic cohomologies and that Dbc(X;C) of sheaves of C-
vector spaces on X with constructible cohomologies. There is a signicant property from the point of
view of relative cohomology theories that this anti-equivalence respects Grothendieck's six operations
f !, f!, f
, f, RHom and 
L dened on Dbrh(DX) and Dbc(X;C).
In [EK], Emerton and Kisin studied a positive characteristic analogue of the Riemann-Hilbert
correspondence. Let k be a perfect eld of characteristic p > 0. We denote by Wn := Wn(k) the
ring of Witt vectors of length n. For a smooth scheme X over Wn, Emerton and Kisin dened the
sheaf DF;X of OX -algebras by adjoining to OX the dierential operators of all orders on X and a
\local lift of Frobenius". By using DF;X , they introduced the triangulated category Dblfgu(DF;X) of
DX -modules with Frobenius structures with locally nitely generated unit cohomologies and proved
the anti-equivalence
Dblfgu(DF;X)
= ! Dbctf(Xet;Z=pnZ)
between the subcategory Dblfgu(DF;X) of Dblfgu(DF;X) consisting of complexes of nite Tor dimension
over OX and the triangulated category Dbctf(Xet;Z=pnZ) of etale sheaves of Z=pnZ-modules with con-
structible cohomologies and of nite Tor dimension over Z=pnZ, which they call the Riemann-Hilbert
correspondence for unit F -crystals. They also introduced three of Grothendieck's six operations, which
are the direct image f+, the inverse image f
! and the tensor product 
L on Dblfgu(DF;X), and proved
that their Riemann-Hilbert correspondence exchanges these to f!, f
 1 and 
L on Dbctf(Xet;Z=pnZ).
2 Motivation
Emerton and Kisin established the Riemann-Hilbert correspondence for unit F -crystals only for smooth
schemes X over Wn. Since the triangulated category D
b
ctf(Xet;Z=pnZ) depends only on the mod p
reduction of X, it is natural to expect that there exists a denition of the triangulated category
Dblfgu(DF;X) and the Riemann-Hilbert correspondence depending only on the mod p reduction of X.
Also, there should be the Riemann-Hilbert correspondence for algebraic varieties over k which are not
smoothly liftable to Wn. The purpose of this article is to generalize the Emerton-Kisin theory to the
case of Wn-embeddable algebraic varieties over k. Here we say a separated k-scheme X of nite type
is Wn-embeddable if there exists a proper smooth Wn-scheme P and an immersion X ,! P such that
the diagram
X

  / P

Speck // SpecWn
(2.1)
is commutative. A quasi projective variety over k is a typical example of Wn-embeddable variety and
thus Wn-embeddable varieties form a suciently wide class of algebraic varieties in some sense.
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3 Triangulated category Dblfgu(X=Wn)

The rst problem is to dene a reasonable D-module category for Wn-embeddable algebraic varieties
over k. Our construction is based on the Kashiwara type equivalence due to Emerton-Kisin [EK,
Proposition 15.5.3], which roughly asserts that, for any closed immersion Q ,! P of smooth Wn-
schemes, the category of DF;P -modules on P supported on Q is naturally equivalent to the category
of DF;Q-modules on Q. For a Wn-embeddable k-scheme X with an immersion i : X ,! P , let us take
closed subsets Z and T of P such that X = Z n T . We then dene the triangulated category CP;X by
CP;X :=
n
M2 Dblfgu(DF;P ) jR ZM
= !M;R TM = 0
o
:
Here  Z is the functor from the category of DF;P -modules to itself dened by taking local sections
supported on Z, and R Z is its right derived functor. For an object M 2 Dblfgu(DF;P ), R ZM
belongs to Dblfgu(DF;P ). We can prove that the denition of CP;X does not depend on the choice of Z
and T . Now we may state the following theorem, which is a key to dene the D-module category for
X.
Theorem 3.1. Let f : P ! Q be a proper smooth morphism of proper smooth Wn-schemes. Suppose
that we are given immersions i1 : X ,! P and i2 : X ,! Q such that f  i1 = i2. Then f+ induces an
equivalence of categories
f+ : CP;X
= ! CQ;X (3.2)
with quasi-inverse R  X  f !. Here X denotes the closure of X in P .
Proof. We give a sketch of the proof. First of all, we can prove the well-denedness of the functors
f+ and R  X  f ! by using compatibilities with R Z and other operations for DF;P -modules. By [EK,
Corollary 14.5.15], there exist canonical adjunction morphisms
f+f
!N ! N and M! f+f !M:
We thus obtain natural transformations of functors
f+R  Xf !N ! f+f !N ! N
and
M =   R  XM! R  Xf !f+M:
Let us prove that these morphisms are isomorphisms by the induction on n. The usual devissage
argument using the following distinguished triangle
M
LZ=pnZ Z=pZ!M!M
LZ=pnZ Z=pn 1Z + !
reduces the proof to the case n = 1. Here we use the fact that M is of nite Tor dimension over OX .
In the case n = 1, P and Q are smooth k-schemes. By shrinking Q if necessary, we may assume that
i1 and i2 are closed immersions. We may also assume that X is reduced. Let us rstly consider the
case when X is smooth over k. Then, the functor R X can be described as R X = i1+i!1 = i2+i!2. By
calculations using these descriptions, we can prove the assertion. In general case, we shall prove by
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the induction on the dimension d of X. In the case d = 0, then X is etale over k and the assertion
follows from the smooth case. In general, we may nd a closed subset H of X such that dimH < d
and X nH is smooth over k. Let us denote by j the open immersion X nH ,! X. Now, by using the
localization distinguished triangle
R H ! id! Rjj 1 + !;
we are reduced to the case of dimension < d and the smooth case.
Denition 3.2. For a Wn-embeddable k-scheme X with an immersion X ,! P into a proper smooth
Wn-scheme, we dene the triangulated category D
b
lfgu(X=Wn)
 by CP;X . This denition is independent
of the choice of embedding X ,! P up to natural equivalence by Theorem 3.1.
4 Riemann-Hilbert correspondence
For a Wn-embeddable k-scheme X with an immersion i : X ,! P into a proper smooth Wn-scheme P ,
we dene a contravariant functor SolX to be the composite of the functors
Dblfgu(X=Wn)
 = CP;X  Dblfgu(DF;P ) SolP   ! Dbctf(Pet;Z=pnZ) i
 1
  ! Dbctf(Xet;Z=pnZ):
Here the rst functor is the natural embedding and SolP is the solution functor
SolP ( ) := RHomDF;Pet (

P ( );OPet)[dP ]
dened by Emerton-Kisin (where P denotes the natural morphism of sites Pet ! PZar and dP is
the dimension of P ). We can prove that this denition is independent of the choice of the immersion
X ,! P . Conversely, let us consider the composite of the functors
Dbctf(Xet;Z=pnZ)
i ! Dbctf(Pet;Z=pnZ) MP  ! Dblfgu(DF;P );
where MP ( ) := PRHomZ=pnZ( ;OPet)[dP ] is a quasi-inverse of SolP dened by Emerton-Kisin.
The essential image of it is contained in CP;X , and we thus obtain the contravariant functor
MX : D
b
ctf(Xet;Z=pnZ)! Dblfgu(X=Wn):
This denition is also independent of the choice of the immersion X ,! P .
Theorem 4.1. For a Wn-embeddable k-scheme X, SolX is an equivalence of triangulated categories
SolX : D
b
lfgu(X=Wn)
 = ! Dbctf(Xet;Z=pnZ)
with quasi-inverse MX .
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Next we dene cohomological operations on Dblfgu(X=Wn)
. Let f : X ! Y be a morphism of
Wn-embeddable k-schemes. There exists a commutative diagram
X
f

  i1 / P
g

Y 
 i2 / Q
(4.3)
such that P and Q are proper smooth Wn-schemes, i1 and i2 are immersions, and g is a proper smooth
Wn-morphism. We dene the inverse image
f ! : Dblfgu(Y=Wn)
 ! Dblfgu(X=Wn)
by f ! := RjR Xg!jU , where j : U ,! P is an open immersion such that X is closed in U . Next we
dene the direct image
f+ : D
b
lfgu(X=Wn)
 ! Dblfgu(Y=Wn)
by f+ := g+. Finally, for objects M and N 2 CP;X  Dblfgu(DF;P ), we dene the tensor product
M
L N by
M
L N :=M
LOP N [ dP ]:
These denitions are well-dened and do not depend on any choices.
Theorem 4.2. Let f : X ! Y be a morphism of Wn-embeddable schemes. Then there exist natural
isomorphisms of functors
SolY  f+ = f!  SolX : Dblfgu(X=Wn) ! Dbctf(Yet;Z=pnZ);
f 1  SolY
= ! SolX  f ! : Dblfgu(Y=Wn) ! Dbctf(Xet;Z=pnZ)
and a functorial isomorphism
SolX(M)
LZ=pnZ SolX(N )
= ! SolX
 M
L N 
for objects M and N in Dblfgu(X=Wn).
5 Some t-structures on Dblfgu(X=k)
A striking consequence of the Riemann-Hilbert correspondence over complex numbers is that one can
introduce an exotic t-structure on the topological side called the perverse t-structure, which corresponds
to the standard t-structure on the D-module side. For an algebraic varietyX over k, Gabber introduced
in [Ga] the perverse t-structure on Dbc(Xet;Z=pZ), which we call Gabber's perverse t-structure. In the
case when X is smooth over k, Emerton and Kisin showed that the standard t-structure on the D-
module side corresponds to Gabber's perverse t-structure. We generalize it to the case of k-embeddable
k-schemes. For a smooth k-scheme P with a closed subset X of P , we dene the triangulated category
CP;X;; by
CP;X;; :=
n
M2 Dblfgu(DF;P ) jR XM
= !M
o
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and subcategories C0P;X;; and C0P;X;; of CP;X;; by
C0P;X;; :=
M2 CP;X;; jHk(M) = 0 for k > 0	 and
C0P;X;; :=
M2 CP;X;; jHk(M) = 0 for k < 0	 :
Then

C0P;X;;; C0P;X;;

denes a t-structure on CP;X;;.
Theorem 5.1. For a k-embeddable k-scheme X with an immersion X ,! P into a proper smooth
k-scheme P , we take an open immersion j : U ,! P such that the immersion X ,! P factors as a
closed immersion X ,! U and j. We dene the pair of subcategories (D0lfgu(X=k); D0lfgu(X=k)) by the
essential image of

C0U;X;;; C0U;X;;

under the direct image j+ (this gives an equivalence of triangulated
categories between CU;X;; and CP;X). Then (D0lfgu(X=k); D0lfgu(X=k)) forms a t-structure on Dblfgu(X=k)
which is independent of the choice of the immersion X ,! P and the open subset U . Furthermore this
t-structure corresponds to Gabber's perverse t-structure on Dbc(Xet;Z=pZ) via SolX .
We dene the abelian category lfgu;X by the heart of the t-structure (D
0
lfgu(X=k); D
0
lfgu(X=k)).
We have the following theorem, which is an analogue of Beilinson's theorem.
Theorem 5.2. The natural inclusion functor
Db(lfgu;X)! Dblfgu(X=k)
is an equivalence of triangulated categories.
In the complex situation, conversely, a t-structure on the D-module side corresponding to the
standard t-structure on the topological side is explicitly described by Kashiwara in [Kas2]. We construct
the analogue of Kashiwara's t-structure on Dblfgu(X=k). Let X be a k-embeddable k-scheme with an
immersion i : X ,! P into a proper smooth k-scheme P . We set
Sn := fZ jZ is a closed subset of P of codimension  ng ;
and
SD dPlfgu (X=k) :=
n
M2 CP;X jR Sn+dP Hn (M)
= ! Hn (M) for any n
o
SD dPlfgu (X=k) :=
n
M2 CP;X jR ZM2 Cn dPP;X for any n and Z 2 Sn
o
;
where dP is the relative dimension of P over k.
Theorem 5.3. The pair (SD dPlfgu (X=k);
SD dPlfgu (X=k)) forms a t-structure on D
b
lfgu(X=k) which
is independent of the choice of the immersion X ,! P . This t-structure corresponds to the standard
t-structure on Dbc(Xet;Z=pZ) via SolX .
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